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ABSTRACT

Abstract polytopes are mathematical creations which

are defined by three axioms. It has been shown that simple

polytopes are a proper subclass of abstract polytopes.
Hence theorems proving facts about abstract polytopes in
general, prove facts about simple polytopes in particular.
Klee ond Walkup [2] showed the following four state-
ments were mathematically equivalent for simple palytopes:
i) Any two vertices of a simple polytope can be joined
by a Wv (nonreturning) path.
ii) A(n,d) < n - d (Hirsch conjecture).
iii) 4(2d,d) <d .
iv) For a Dantzig figure, (P,x,y) , GP(x,y) =4 .
The purpose of this paper is to show that the four

statements above are equivalent for the larger class of

abstract polytopes as well. Thus, it is possible to

tackle the problem of the well-known Hirsch conjecture
by applying the well defined structure and theorems of

abstract polytopes to ary of the above statements.
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1. INTRODUCTION

In Adler [1], it was shown that the class of simple polytopes is a proper

subclass of the class of abstract polytopes. Because of the simplicity and

mathematical precision which define abstract polytopes, they become interesting
and practical toole for investigating properties of simple polytopes.

Klee and Walxup [2], showed that the well known ilirsch conjecture is

mathematically equivalent to three other statements. In this paper it will

be shown that a corresponding set of statements are equivaient fcr abstract

polytopes, and hence abstract polytope theory may shed scw light in proving
or disproving the Eirsch conjecture.

The method cf proof will be¢ the method of consecutive implication, i.e.

for statements, i, ii, iii, iv, it is shown i = ii =2 ijii = iv =i , Three
implications are trivially proved. A constructive proof for the fourth impli-

cation is developed strictly from abstract polytope theory and is based on Klee

and Walkup [2].

Finally an example of the construction is presented in the appendix.
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2. NOTATLONS AND DEFINLTIONS

Let C be a set of distinct symbols.

Any subset v , of d distinct symbols contained in C

is called a

vertex.

[v] denotes the number of symbols in

Vertices u , v of d symbols are said to be neighbors iff jufv]| =d - 1.

A path from v to Vi is a series of vertices VgrUis ceer Vi s.t.

Vs Vi, are neighbors, i =10, ..., k-1 .

Definition of an Abstract Polytope

P is a labeled abstract polytope consisting of vertices V(P) iff

.

(A1) v e V() = |v] =4

(A2) v € V(P) = for any symbol T € v , 3 exactly one other

vertex w e V(P) , s.t. v-TCuw.

(A3) For any Vg o Yy € V(P) , 3 a path R : VgaVys cees Vi

k
S.t. vaﬂvkc v, v 2 eR. (R is called an A3 path.)

Note: We will use P also to denote the union of all symbols used in the vertices

of V(P) .

P(n,d) = set of all abstract polytopes

s.t. !P] =10 , lvl =d

If v € V(P) and some set S C v such that ISI =k (>0) , S is said to

generate a d - k Jface on P ; i.e., FP(S) , the face generated by S on P, consists

of 217 v e V(P) s.t. SCv . It is easily verified that after the k symbols

A i a3 LS8t 1A

S et e A 2 Sk
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common to V € V(FP(S)) have been dropped we have formed a rew abstract polyt-pe

Q ¢ P(n',d - k) where n' <n-k . Wesay Q corresponds to FP(S) and the

vertices of Q have a one to one correspondence to the vertices of FP(S) , thus
q € V(Q) ccrresponds to qU S ¢ V(FP(S)) .
GP(x,y) = the distance from x to y on P , i.e., the length of the

shortest path between x and vy

[l

Aa(n,d) the max diameter of P(n,d}

B AL R S 0 L

Hi

max max SP(x,y) .
PeP(n,d) x,yeV(P)

ASiteul g

A nonreturning (NR) path <rom VgrVys cees Vi oM P is a path s.t. the symbol

T ¢ Vi T £ v =T £ vj i+1<j<k.

PRl

A Dantzig figure (P,x,y) is an abstract polytope P € P(2d,d) s.t. 3

vertices x , y € ¥(P) s.t. xNy=9¢.




3. THEOREM
The following four statsments are equivalent for abs:iract polytopes:

i) 3 an MR path between any two vertices x , v € V(P) .

rl

g o Bt

ii) Aa(n,d) <n~-d.

1i1) A (2d,d) < d .

v

iv)  For every Dantzig figure (P,x,y) , GP(x,y) =d .

Akl

Proof: (by consecutive implication)

(@) i = ii) 3if 3 an NP. nath between x , y € V(P) then

waw ol

GP(x,y) <n- (lx F\yi +d)y . If xMNy=¢ result follows.
Say xMNy =5, |S| =k . Consider FP(S) . Then

" i - - -— - - = -
GFP(S)(}"Y)S a (d-k)<n-k-(d-k) =n-d
A Gp(x,y) <an~-d V Pe Pn,d .

(b) ii => jii) trivial. Let n = 2d . :

(c) iii = iv) ép(x,y) <d by iii) . But since xNy=¢ , GP(x,y) >d

.. GP(x,y) =d .

(d, iv = i) 3

Consider x , y € V(P) . Assume x Ny =¢ for coovenience. If x My =35 (# ¢)

Aidd

consider FP(S) . Aster eliminating S from each vertex of FP(S) we have a new :
abstract polytope, Q , whose vertices correspond to F?(S) . In particular the

vertices which correspond to x and y have an empty intersection. Thus, we can

apply the following theory to Q and make the corresponding transformation back

to FP(S) and hence P .

Assume n > 2d . (If n = 2§ result follows trivially since GP(x,y) =d .) ;
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Notation

Let M=P - {xUy) ;say M =m, i.e., m=n- 2.
Form a set M' of new symbols s.t. T ¢ M = T' ¢ I’
*
Now we form P by the algorithm, illustrated in Figure 1.

*
We now show P € (n +m,d +m) . We show the more generai fact:

Lemma 1:

Pl e Pn+ 3,4 +3) .

Proof: (by induction)
Trivially P° ¢ P(n,d) . )
Suppose Pj-l eEPn+3j-1,d+3~-1). ,
Consider Pj + It is easily verified Al and A2 are satisfied.

To show A3, consider the following three cases. Suppose uj . v e V(PJ) .

Case I: T' ew , T' e v 3

3 uJ-l , VJ-l £ V(PJ-l) s.t. uj-l =yl - T , vJ-l =y T,
Since 3 an A3 path . u%—l, cees ui]:l=v3“1 on P71, ;
Let ug = ui~LLJT' . This is the required A3 path on PJ .

Case II: T'euwl , T' ¢+

ia bk ki

By construction, T' £ v = Tev and 13 vy e vEd;  os.t. yJ =vUT-T'.
By Case I 3 an A3 path, R, on p  from uj to yJ . . . The required A3 :

path from wl to v is R amended with the edge (yJ,vJ) .

fagendil

Case III: T' fud , 7' ¢

Let yJ R 2 e V(PJ) be such that yJ = uUT -T s 2 =viuTr -1,

[H




Construction 1

et j =

Choose some

T e MJ
and

Tl € Mlj

Construct PJ+1 by

siaf pi N

o 3

Construct the vertices of :
i+l 3
P as follows 3
(1) Add T' te all v - v(P?)
(2) For v € V(PJ) S.%. 3
T £ v, formvertices in :
PJ+1 by adding T i
1

W o o1

M'j+l = M'j - T' ;
=g+ g

Figure 1




o - e rmo T , % S ek
J— i T 3 T g AR hor b o T = = <
F e - - EE . - P 7 e T TR It S s s s A T

e - AR - o i

We know 3 an A3 path R from yJ to z2 on P} . x: yJ = w%, ceey
TN RO i

f,n”‘v.”,%z where for fiiiﬂ,Te@.

TR LR

(It is not necessary

that T € wg for any i or for only one interval.)

— ——— e

Consider the path R:ol = wg, ooy w%, sevy wi, csos wi=vJ s.t. for

0<i<f-1and t+1lcick,w=wUT -T and for £<i<,w =w .

It is not difficult to verify R exists and is the required A3 path from
- w to vV on F.m

Corollary 1:

* *
P ePln+m,d+m), ie., P € 2 ~-d),(n - 4d)} .
We now make the following observations:

- * * * * *
Observation 1: 3 nodes x ,y eV(P) s.t. x =xUHM' ,y =yUM.

Ry

*
Observation 2: As noted in Lemma 1, for we V(P ) , T' £ w=> Tew and 3

*
avertex yeV(P) s.t. y=wUT" -T

Lo d o vy

1 Observation 3: P corresponds to F ,(M') . 3
3 P ;
* k 0k . x % E
Observation 4: (P ,x ,y ) is a Dantzig figure. .. Since 6 ,(x ,y ) = ]
P 3
3 * % * % E
1 d (s=d+m) , 3 an NR path between x and y on P . 3
Notation E
* * * x X % 3
Let R be the NF *on P between x and vy .« R 1 x = vl ’ 3
*
.-.,V*-_-y . :;
E Let B' =M'Nv, , i.e., all primed symbols in v, .
\ i i
E A! =M'-B' .
i Vi Vi

g
L}

v {TeM I T' € vi,T ¢ vl} .

;,
H
)
4
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Observation 5:
: v vee' =y, UB' Ua wh V(P]
v, € ) V. =Yy v. a, where y; € (Py .
i i
Construction 2: 3
*
Form a sequerce of vertices R' :w., ..., w, s.t. w,=v, UA" -A , ;
1 d i i V. \' ;
i i f
* k
F where v, e R . .
1 i ;
2
1 Lemma 2:
{ 1) w =xUM eF (). 3
P 3
ii) w, € F *(M') Vi . ;
] ii) w,=yUM eF ().
d P
iv) Wi o are either neighbors or the same vertex, V. .
v) If woo» Wy, are the same vertex, delete one of them from R' .
Then R' is an NR path from xUM' to yU M on F _ (M) . ;
P 3
E Proof: v
X , L
1 i) w=mv.Ud~-d=x sxUM ¢F (M) . ;
1 i ;
P z
ii) w, =v, UA' ~-A J
i i v, ' 3
i i
= ( ' A - :
\yi u Bvi U Avi) U v, AVi (by Observation 5)
=y. UGB 'o= oo, ") . i
y; U Bv:'L U AVi Yy U M. w, € FP*(I )

J
:
]
;,
]
)
! 18
o S st 455 s T A ek 4t =0

v R
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Hi) wye=v UA -4
; Vox Vs
d d d P
% '
y Y

]

GGUMUM -y ’

i

yUM' ¢ FP*(M') .

: %*
iv)  Consider the transition from v_ to Vig1 O R . There are

three possible cases.

3
. = - t t [3

Case }. Vitl viL) S - 8" where S' e M ,:S EM .

e W = v, U A’ ~ A 3

i+l i+l vi+l vi+l 3

= t ' '__ 3

= ViU (Aviu S ) (A"iu s) :

= LI LI

- (vi-i-lu S ) v Av. ' AV.
) A i i

=v, UA' -
i v,

v -
i i . .

+

141 viLJ S~-T where S e p s T ep

W.oo SV, (UA ~ A
i+l i+l vi+l vi+1

i Aokl gl P

= - ] -
= (viU 5-T)uy Av. AV.
i i

t
\'S v

‘-‘(viUA - & )US—T
' i i

= wiLJ S~-T.

SR and Wi+1 Aare neighbors.

WA § b b b Fr, i L

Eﬁf‘ 3 5
m i T s L 2 e
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| Case 3: Vi+l viLJ S ~T' where S eP , T e
e w, .=V, UA - A
: . i+l i+l Vil Vi :
1 : $
:s = s gt 1 ey " 3
(v;U s -THU (AV U 1) (AV.U 1) ;
1 i 3
E
, : =(V.UA' - A )US-—T 3
i v, v, E
i i E
=w,US~-T. 3
1 3
{ : , . A and Wil Are neighbors. ;
N ; é
3 Since R is an NR path on P , these are the only three :
3 ‘ possible cases.
: v) Immediate from i - iv). s
1 ' Corollavy 2: 3
3 an NR path R fron x to y on P. 3
F , - Proof: :
: Immediate from Lemma 2, Part V,and Observation 3. ® 3
]

bt b L bl

ut

i o s B BB




*_ 4. APPENDIX

Example of Construction 1

Suppose we have a Polytope P' as follows:

AFL EFL
: AFT EFT
x = ABL ABT DET y = DEL
CT CD
BCL CDL
£ and want NR path from x to y .

Eliminate symbols in common to form face P

AF . EF
3 xu< > DE =y
E K P
: BC CD :

JTteration 1: Choose symbol F

-}

: AFF' EFF' ]

ABF" ABF DEF DEF'

s BCF cD
BCF' CDF'
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fteration 2: Chovse symbol C

3 ACFF' CEFF'

i ClEFF*
; CDAF_C'pEr NG DEF
: { A ~—» CDEF' ;
| cwnf A7 |
i : ~
3 \ CC'DF’
3 ‘%

y

* * * *
Below are examples of paths R from x to y on P and corresponding

R from x to y on P according to Construction 2.

*
(1) K : ABC'F' - ABC'F - BCC'F -~ CC'DF ~ CDEF

R : 4B BC cD DE
(2 R : ABC'F' - ABCF' - ACEF' - CEFF' - CDEF
R : AB— AF —— EF —— g
(3) R": ABC'F' - BCC'F' - CC'DE' - CC*DF - CDEF i
F R : AB BC - cD DE ;
() R : ABC'F' ~ AC'FF' - C'ERF' - C'DEF - CDEF
: R : AB AF EF DE
é (5) R : ABC'F" - BCC'F' ~ BCC'F - CC'DF - CDEF
i R : 4B BC CD —— DE
(6) R* : ABC'F' ~ AC'FF' - ACFF' - CEFF' - CDEF ?
R : AB ~—— AF EF —— DE
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